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The aim of the paper is to characterize the global rate of approximation of derivatives
f¥ through corresponding derivatives of linear combinations of Post-Widder
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1. INTRODUCTION AND MAIN RESULTS

It is well known that Post-Widder operators constitute the real inversion
formula for the Laplace transform. Post-Widder operators are given by

P,,(f,x):("/ifwe—""/xu"-lf(u)du, xe(0, ), (L)
=1y

* The author was partially supported by the National Nature Science Young Foundation
of China.

240

0021-9045/99 $30.00
Copyright © 1999 by Academic Press
All rights of reproduction in any form reserved.



POST-WIDDER OPERATORS IN L, 241

where fe L,[0, 0) (1<p<oo)orfeC[0, o). We will use for P,(f, x) the
combination P, (f, x) given by [1, Chapter 9]

r—1

P, (fix)=) Cy(n) P, (f, x), x€(0,0), reN, (1.2)

i=0
where n; and C;(n) satisfy
(a) n=ng< -+ <n,_;<An;
(b) XiZo IG(mI<C
(c) Xizo Cilm)=1;
(d) XiZo Gi(n) Py ((- —x),x)=0, 1<k<r—1L
Concerning the approximation by linear combinations of Post—Widder
operators, Ditzian and Totik [1] proved direct and converse results for

these operators in L,. Their main theorems show, for fe L,[0, w0), 1<p
< oo (with C[0, o), for p=o00) and ¢(x)=x, that

|, (fox) = f(x)l, = O(n™*) = 07 (1. 1),

=0(r*) (O<a<r), (1.3)
where
wy(f, t)":oilipsz 1450 L0, ) @(x)=x, feL,[0, ), (1.4)
and

£f(x) = ,-i(_”j<2jr>f(”("j)h)’ for  x=rh

0, otherwise.

The first aim of this paper is to prove new direct and converse results on
weighted simultaneous approximation by the method of linear combina-
tions of Post-Widder operators in L,, 1 <p < co. Our results are stated as
follows.

TaeorEM 1.1. Let f, [, ¢'fPeL,[0, 0), 1<p< oo (with C[0, w0),
for p=o0), le Ny, re N. Then

o' (P, (fs x) = f(x) PN, < CLoZ(fD, n= ) o, + 07" @D}
Here

w?ﬂr(f(l)’ t)(pl,pz sup nglAi; f(l)HLP[O, )9 f(l)a (plf‘(l)ELp[Oa OO)

O<h<t
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is the weighted Ditzian—Totik modulus of smoothness which was shown in
[1, Chap. 6] to be equivalent to the weighted K-functional defined by

K2(fD, 7)1, =inf {[@'(fP = &), + o' ¥,
@'g, 9" g e L[0,0),1<p< ). (L5)

TaEOREM 1.2. Let f, f, ¢'fPeL,[0, 0), 1<p<oo (with C[0, x0),
for p=w), le Ny, reN, t>0. Then

KZ(fD, )0, <@ (P, (fs x) = f(x) D]l + M(nt)" KZ(fP, n =) 1 .
(1.6)

From Theorems 1.1 and 1.2 and Corollary 6.3.2 in [ 1], and the Berens—
Lorentz Lemma [ 1, Chap. 9], we obtain

TueoreM 1.3. Let f, f, ¢'fPeL,[0, ), 1<p<co (with C[0, x),
for p=o0), €Ny, reN,t>0, and [/2<a<l/2+r. Then the following
statements are equivalent.

o' (P (fir—1, x)— f(x) V|, = O(n"*~>); (1.7)
XD, 1)1, = O =), (1.8)
wZ ([ 1),=0(r). (1.9)

Remark 14. For [=0, we obtain (1.3) mentioned above. Some ideas of
our proof of Theorem 1.3 are from [5].

With the definition of (1.4), the Besov space of Ditzian—Totik type
By(L,[0, c0)) are defined for 0 <a<m, 1 <p< o, and 0 <g< oo as the
set of all functions f'e L,[0, o) for which

i 0 i 1 1/q
|f|B;(Lp[o, ©)) = <J0 (17" f, t)p)qtdl> (1.10)

is finite. Here, m is any integer larger than «. When ¢ = oo, the usual
change from integral to sup is made in (1.10). We define the following
norms or quasi-norms for By(L,[0, c0)):

Hf”B;(LP[o,oo)) = ”f”Lp[O,oo)+ |f|B;(Lp[0,oo))' (L.11)

These Besov spaces were defined for 1 <¢ < oo and studied by Zhou [ 8]
and also studied by several other authors [ 3, 4].

We note that when ¢ <1, (1.11) is not really a norm, it is only a quasi-
norm, and that different values of m >oa result in norm or quasi-norm
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(1.11) which are equivalent. This is proved by establishing inequalities
between the modulus of smoothness w?7(f, 1), and w'q’j“(f, t),. A simple
inequality is w? *'( £, 1), < Cw?(f. t),, which follows from [ 1, Chap. 4]. In
the other direction, we have the Marchaud type inequality

¢ mm+1
o< cr [ U vy, )

which was also proved in [1, Chap. 4]. Using these two inequalities for
modulus w7(f, 1), together with Hard inequality [ 1, Chap. 9], one shows
that any two norms or quasi-norms given by (1.11) are equivalent provided
that both m satisfy m > .

Some papers [2, 6, 7] have characterized smoothness of the functions in
C[0, 1] by derivatives of Bernstein-type integral operators and also in L,,
1 <p < o by derivatives of Bernstein—Durrmeyer operators. In the second
part of this paper, by using of the commutative property of these operators,
we will show that the derivatives of P, (f, x) can also be characterized in
the Besov spaces defined as in (1.11).

THEOREM 1.5. For reN, O<a<r, feL,[0,0), 1<p<o (with
C[0, o), for p=o0), and 0 < g < o0, the norms or quasi-norms

Hf”BZ(LP[O,oo))’ (1~12)
{4+ D Py (fo X) = [l ph s+ 1Ll (1.13)

and
== o> P2 (L )k g+ 111, (1.14)

are equivalent, where for a sequence {a,} >

n=1

n=1
Sup|an|a g = 0.

n

0 1/q
|an|qn_1> , or 0<g<oo
H{an}Hl;Z < L % 1

Remark 1.6. For ¢ =00 and 0 <a <r, we obtain the equivalent relations
1Py (fo %) = f(X)ll,= O(n™*) = w3 (£, 1),
=0(t>*) = o> PP f | ,= O™,

which is also similar to results given in [2] for Bernstein—Durrmeyer
operators and linear combinations of Bernstein—Durrmeyer operators.
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Throughout this paper, M and C will always stand for positive constants
which are dependent only on p, ¢, r, [, and «; their values may be different
at different occurrences and ¢(x)=x.

2. DEFINITIONS AND AUXILIARY RESULTS

For convenience we introduce the auxiliary operators given for n =17+ 1,
le Ny, feL,[0, ) (1<p<w),or feC[0, x0) by

r—1

Pn,r,l(fs x): Z Ci(n) Fni,l(ﬁ X), XE(0,00),

i=0

Py i fix) =t [ et = (o) di

n"i 0 n+1—1

= (nl_l 1)‘ on efniu/x Xni+l (U) dl/l, X e (0, OO) (21)

It is easy to see that these operators too are bounded on the spaces
L,[0, ), 1 <p < oo (with C[O, o0), for p = o0) and that the following four
representations are also valid.

If £, (p’feLp[O, ), 1 <p< oo (with C[0, o), for p=o0), [€ N,, then
@'Py i fo X) =P, (@, ). (2.2)
Iff; fPeL,[0,00), 1 <p<oo (with C[0, o), for p=o0), [€ Ny, then
PO LX) =Py (S, X). (2.3)
If £, (p’feLp[O, ), l <p< oo (with C[0, o0), for p=o0), le N, then
@'PY (fox) =P, , (0, x). (2.4)

If /. p*f* e L,[0,0), I<p<oo (with C[0, o), for p=o0), I€ Ny,
then

@ P (f.x) =P, (¢”f), x). (2.5)

n,r,l

For the proofs of our main theorems, we will need the following lemmas,
which are of importance by themselves.



POST-WIDDER OPERATORS IN L, 245

Lemma 2.1. If £, ¢'fe L,[0, o0), 1 <p< oo (with C[0, ), for p=0),
le N, then

Proof. With (2.2), we have

QP 1 i (fo X)p = 1P, (@ )], < C @ Il -

LEMMA 22, Iff, o*f ", o>+ fCIe L[0, w0), 1 <p< oo (with C[0, 0),
for p=w0), le N, then

o> *'PE) (f, x) |, < Cllo> 7. (2.7)
Proof. Multiplying both sides in relation (2.5) by ¢/, we obtain
P> P (fox)= 0Py (077, ),
Using (2.2), we have
P> IPE) (fox) =P, (9 T, x),

which implies
> =P (£ ), < Clo*> .

Lemma 2.3. If f, ¢'f€ L,[0, 20), 1 <p< oo (with C[0, ), for p= ),
le Ny, then

o> P (fo ), < Cn" @ Il - (28)

Proof. By simple computation, we have

1
P, (o', x), (2.9)

xl

P, /(f.x)

then

2r
9P (fix)= Y C, 4 ip(x)7 I PP g ).
=0

=
From [ 1, Chap. 9], it is easy to obtain

2r—j

PE=Nolf,x)= 3, Oyny, x) P, ((- —x)" @, x),
v=0
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where Q,(n;, X) =201, yo2r—; C(1, 7) ns$/x***, Therefore

nr+ v/2

p(x)*~710,(n;, x)| < C o x>0, v=0,1,23,..0,2r

Thus, following the proof of Lemma 9.4.1 in [ 1], it is easy to complete the
proof of Lemma 2.3.

LEmMMA 24. If f,¢'f, > TP eL,[0,0), 1<p<oo (with C[0, w),
for p=w), [e Ny, then

l@"(P,, .. 1(fs x) = SN, < Cn~"{ @Il + 0> 7 ,}.  (2.10)
Proof. With (2.2), we have
@ (P i(fsx) = [(x)) = P, (9'fs x) = (') ().
We expand ¢/f by the Taylor formula

2r—1 _ J
(@0 =3 0 () + Rl
j=o /'

with the integral remainder

1 t
Ro (9'f )= g | (=07 (0% () o

We write

2r—1 1

P, (9fx)= ) ﬁ(w.lf)”) (x) P, ,((+ —x), x)

Jj=0

1 t
# P (G [ =0 @ (@) dox ).

It follows from the definition of P, .(f, x) that

2r—1

1 . .
P, (of.x)=(¢f)(x)= Y = (@) (x) P, (- —x)’, x)

j=r /!

1 t
+Pn,r<(2r_1),j (1=0)* "1 (@)% (v) db, x)

- vX

=1, +1,.
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Using Lemma 9.5.1 of [ 1], we have
2r—1

1 . .
[ <Mn™" ) i (@) (x) p(x)]

j=r

2r—1 J

SMn=" 3 Y o't (x) fUTI().

j=r s=0

Then

2r—1 j—1
11, I,,<Mn"< Yoy Il_”’J’(’_”IerI(/)’f’Ip)-

j=r s=0

Using that [lo"*/=5fU=9| < Cll"*/ =+ fU=s+1|  for j—s=1,23,.
2r — 1, which follows easily from the Hard inequality for 1 <p <o, [1,
Chap.9] and for p=oo, [lp"*/=f V=9 = |l /= [2 U=+ D(0) dt],
< C|o'Hi=s+1fU=s+D) _“we see that

Iy, <Mn="([@** 100, + |9 ,)-

To prove (2.10), it remains to show that for 1 <p< o

L1, < Mn=" (o> * 1271, + 19 1l,).

From [1, Lemma 9.5.2], we have
11, < Mn="(|o* (@), + I,
<SMn™" <2r201 Ciro > 1 =D, + |¢’f|p>,
=
thus we obtain in a way similar to before the estimate

L), < Mu=" ([ * 200, + |9 ,)-

The proof of Lemma 2.4 is complete.

Next we will prove the commutative property of these operators, which
is important for our purpose.

Lemma 2.5. For f(x)e L,[0, ), 1 <p < oo (with C[0, ), for p= 0),
m,n=1,2 3, .., then

Pn,r(Pm,r(ﬁ')’ x):Pm,r(Pn,r(f;')a X), x>0. (211)
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Proof. From the definition of linear combination for the Post—Widder
operator P, ,(f, x), we need only to show that

P,(P,(f. ), x)=P,(P,f,") X), mn=1,2,3,., x>0.

For p= o0,

PP )0 =[S e P fo) d

:Jw((n/x)n ol =1 JOO (mfu)™
0

—mvfu ,,m—1 dv du.
n—1)! o m— ¢ v vy dodu

Since

* (n/x)” —nu/x, n— « (m/u)m —mvlu,.om—
L m—1r° "u IL m—1)° Pom = (o)l dv du < || f] o

thus, by using of Fubini’s theorem, we have

© (n/x)"

PAPuL) )= Sy oo |

—nu/xun— 1 (m/u)m

— mvju
(m—1)1 e du.

xe

Let v/u=w/x, then

® me © (n)x)" e w1 ()"
fo fw)v lvaO 7(’1_1)!@ u li(m—l)!

ZJOO fw)yv™tdv ro (n/x)" e <xv>"1
0 0 !

w

1 mw\"™ Xxv

X — | e Sdw
(m—1)!'\ xv w

e —muv/u dl/l

SR 2753 Y /)1) (e
ZL flo)v ldvfo me Py 1me ™ dw

e~ ™M =1p (£ w) dw

L,OO ((m/X)"‘

m—1)!

:Pm(Pn(ﬁ ')7 x)'
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Thus we prove Lemma 2.5 for p =o0. For 1 <p < oo, we define Co={ fe
C[0, o), supp f<= [0, M] for some M >0}. It is obvious that C, is dense
in L,[0, o) for 1 <p < co; therefore we need only to prove the result for
feC,, which is similar to the case of p = co. Then the proof of Lemma 2.5
is complete.

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. The essential tool in this proof is the equivalence
oX(f P, 1), ~KZ(fD, 17, , and it has to be shown that

I (P, (f. %) = fON VN, < CLEG(f D n ™) gy w07 0 O (31

Now for every ge L,[0, o) with ¢'g, 9> *'g®7e L [0, ), Lemma 2.1,
Lemma 2.4 and (2.3) imply

1@ (Py, (fs ) = SN DN, < N9 Py (S P = &, X) |, + 0" (fP(x) = g(X))l,
19" (P (g x) — &(x)),
<C{)@"(fDx) = g,
1@ (P, 1(g: %) — (X))}
<C{)@"(fDx) = g,
+n "o g, n T 9 )

Taking here the infimum over all g subject to the definition of the weighted
K-functional gives the desired inequality (3.1). Then we complete the proof
of Theorem 1.1.

Proof of Theorem 1.2. From the definition of the weighted K-functional
in (1.5), Lemma 2.2 and Lemma 2.3, it is easy to prove theorem 1.2.

Proof of Theorem 1.5. We only prove the equivalence between (1.12)
and (1.14) for 0 < ¢ < o0, since the proof for the case ¢ = oo is simple and
the equivalence between (1.12) and (1.13) can be proved by using the same
method as the proof of Theorem 4.1 of [3].

From [1, Chap. 9], it is easy to obtain

> PE(fo x) |, < Mn'wl(fon= ') I<p<oo.

P>
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Hence, for 0 <g < o0

Y (e PE)(f X, )q*
n=1
ag—1,.2r —1/2
<M< Zzn 1w (finT ) g+ |f|Z>

o (n—1)"12 1
<u( 3 "7 uraysn i 1ri)

n=2""1
* —20 0 2r 1
<ot ([ oz, a1

To prove the inverse part, we choose 2 < A€ N, which will be determined

later, and let {n;} ..y be a sequence of integers such that A*~'<n <2*
and

lp> PG (f. x)l,= min

Me=lgnr <k

{I@> P 1, )|, - (3.2)
We now recall the Peetre K-functional

Ko, (i 1), = inf

g(2r—1) €A- CIDC

(lf— gHLp[O, ) T > H(Pzrg(zr)”Lp[o, w))
I<p< o, (33)

which was shown in [1, Chap. 2] to be equivalent to w?(f, t)
For 0 < ¢ < o0, we have

o dr ! dt
J, (Ko o 1)) < K 7,00 4 ML

( S Gy, (25 4 ] >

We fix me N and let U, = *"K,, (P, . (f.x), 2~%),, and obtain by using
Theorem 9.3.2, Lemma 9.7.2 of [ 1], and Lemma 2.5

ngika/rHPm,r(f; X) _Pnk+2,r(Pm,r(.f7 ')5 x)“p

}k(oc/r* 1) ngzrp(zr)(PnkJrz r(f . )) x)Hp
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<Mik“/rK 2r, (p(Pm r(f X) nk+2) +M}“k(M/r_l) Hf”p

+M}Vk(°‘/r71) H(erP(Zr) (f X)Hp

PpiosT

SML=Up oy + M =Dl PE0 (fo )], + 11/ )

Ni+2, 7

j—1
<(M/l—<x/r)j Uk_,_j-l-M/lk(“/r_l) Z (M/l_l)l

I=0

< (o> P LX)+ 111,

PR
Since
Uk+j: /l(k+j)ka/rK2r, (p(Pm,r(j; x), /l_k_j)p
AP = D 2 PEO(f, X)) -
Taking A to be big enough, then we have
(M=) Uy, S(MATY 2K =02 PED (f, x) ||, =0, j— 0.
Hence

Ue S MZECr=0 % (M2~ (o P (LX) [+ 1S 1,)

P24
1=0
Note that for fe L,[0, 00),  <p< oo, and C[0, o) for p =00, we have
HPm,r(f; X) _f(x) Hp - Oa m— oo,
and therefore

WKy o o 276y S MAEC =D N (MAT) (N> PR" (LX), + 1 1)-

Peyoyp

=0 (3.4)

For 0 < ¢ < oo, we choose 0 <u <min{l, ¢}, we have

i }'ka/rK f } 7k)p)q

0 q/u
<MIfI5+ Y (Maker=D)s {z (ML) [9* P2 (£ )] ]} .

Ppyo4p 7
k=0 =0
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Taking f=a/2 and A > M?/* Then the second term can be deduced by the
Holder inequality as

0 a/u
{z (MY [P (fix) ,,]ﬂ}
l

Ppt240 7
=0

< { Y (FTi, HQPbP;i:)H, (fo X) |p)q}
1

=0

{i [(Mi_ll r— /5' ]qu/(q—u)}q/ﬂl

o0
<C ) (nlﬂ_rH(ﬂer%rZﬁx)”p)q/l(kJrz)(l_ﬂ/r)q,
I=k+2

Z (/’Lka/rKZr, (p(ﬁ A _k)p)q

k=0
0 0
< C Z /lk(oc/r—l)q+k(l—/}/r)q z (nlﬁ—r ”(erP(Zr) f x H q+M ”f”z
k=0 I=k+2

SC Y (]l PR (fix)1,) Z AT M £
=2

(o)

<C Z (;L(l—1)(/5’/r—1)+(l—2)(a—ﬁ)/r)q H(ﬂer(zr) (f x) Hq-i-M Hqu
=2

<C Yo (T @F P x), ‘1*+MHqu
1=2 Al-lgnr<i!

Therefore, we have

o d 1/q
N RIS

t

e 11YVe
<c{| X o ior Pl s,

n=1

Then we complete the proof of Theorem 1.5.
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